Introduction
The Hyers-Ulam stability problems of functional equations go back to 1940 when S. M. Ulam proposed a question concerning the approximate homomorphisms from a group to a metric group see 1 . A partial answer was given by Hyers et al. 2, 3 under the assumption that the target space of the involved mappings is a Banach space. After the result of Hyers, Aoki 4 , and Bourgin 5, 6 dealt with this problem, however, there were no other results on this problem until 1978 when Rassias 7 
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The four functional equations have been investigated separately. The general solutions and regular solutions of the above equations are introduced 22, 23 . In particular, the last equation 1.4 is most interesting in the sense that 1.4 alone characterizes the two trigonometric functions f x cos ax , g x sin ax under some regularities of g, which none of the remaining equations are able to do.
In 19 , Székelyhidi developed his idea of using invariant subspaces of functions defined on a group or semigroup to obtain the Hyers-Ulam stability of the trigonometric functional equations 1.1 and 1.2 . As results, he obtained the Hyers-Ulam stability when for each fixed y the difference
is a bounded function of x and the Hyers-Ulam stability when for each fixed y the difference
is a bounded function of x, where f, g are mappings from an Abelian amenable group G to the field C of complex numbers.
In this paper, we complete the parallel Hyers-Ulam stability to that of 19 for the functional equations 1.3 and 1.4 . As results, we obtained the Hyers-Ulam stability when for each fixed y the difference
is a bounded function of x. In fact, the authors 10 obtained weaker versions of the Hyers-Ulam stability for the functional equations 1.3 and 1.4 , that is, we proved the Hyers-Ulam stability of 1.3 when the difference
is uniformly bounded for all x and y, and we proved the Hyers-Ulam stability of 1.4 when the difference
is uniformly bounded for all x and y. So, the results in this paper would be generalizations of those in 10 . We refer the reader to 9, 15, 16, 20, 21 
Main Theorems
A function a from a semigroup S, to the field C of complex numbers is said to be an additive function provided that a x y a x a y and m : S → C is said to be an exponential function provided that m x y m x m y . Throughout this paper, we denote by G an Abelian group, C the set of complex numbers, and ψ : G → R a fixed nonnegative function. For the proof of stabilities of 1.3 and 1.4 , we need the following. Lemma 2.1 see 2 . Let S be a semigroup. Assume that f, g : S → C satisfy the inequality; for each y ∈ S, there exists a positive constant M y such that
for all x ∈ S, then either f is a bounded function or g is an exponential function.
Proof. Suppose that g is not exponential, then there are y, z ∈ S such that g y z / g y g z . Now we have
and hence,
2.3
In view of 2.1 , the right hand side of 2.3 is bounded as a function of x. Consequently, f is bounded.
We discuss the general solutions f, g : G → C of the corresponding trigonometric functional equations for some exponential function m. Thus, using 2.5 , we have
This completes the proof.
For the proof of the stability of 1.1 , we need the following. Throughout this paper, we denote by ψ an arbitrary nonnegative function on G.
for all x, y ∈ G, then either there exist λ 1 , λ 2 ∈ C, not both zero, and M > 0 such that
for all x, y ∈ G.
Proof. Suppose that the inequality 2.9 holds only when λ 1 λ 2 0. Let
and choose y 1 satisfying f −y 1 / 0. Now it can be easily calculated that 
2.13
Also by 2.11 and 2.12 , we have
14 From 2.13 and 2.14 , we have
2.15
Since k x, y is bounded by ψ −y , if we fix y, z, the right hand side of 2.15 is bounded by a constant M, where
2.16
So by our assumption, the left hand side of 2.15 vanishes, so does the right hand side. Thus, we have
Now by the definition of k, we have
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Hence, the right hand side of 2.17 is bounded by ψ x ψ x y . So if we fix x, y in 2.17 , the left hand side of 2.17 is a bounded function of z. Thus, by our assumption, we conclude that k x, y ≡ 0. This completes the proof.
In the following theorem, we assume that
For the proof, we discuss the following property. for all x, y ∈ G, then f, g satisfies one of the following:
ii f and g are bounded functions, for all x ∈ G, and f satisfies one of the following conditions; there exists an additive function
for all x ∈ G, or there exists an additive function a 2 :
for all x ∈ G, where Φ 1 and Φ 2 are the functions given in 2.19 and 2.20 .
Proof. In view of Lemma 2.3, we first consider the case when f, g satisfy 2. 
and there exists a unique additive function a 2 x given by
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Multiplying |m x | in both sides of 2.39 and 2.41 , we get v . Now we consider the case when f, g satisfy 2.10 . In view of Lemma 2.2, the solutions of 2.10 are given by i , iii , or contained in the case v . This completes the proof.
Let X be a real normed space, and let ψ : X → R be given by ψ x x p , p ≥ 0, p / 1, then ψ satisfies the conditions assumed in Theorem 2.5. 
